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Abstract
We dimensionally reduce the four-derivative corrections to the parity-conserving
part of the D9-brane eective action involving all orders of the gauge eld, to obtain
corrections to the actions for the lower-dimensional Dp-branes. These corrections in-
volve the second fundamental form and correspond to a non-geodesic embedding of
the Dp-brane into (flat) ten-dimensional space. In addition, we study the transfor-
mation of the corrections under the Seiberg-Witten map relating the ordinary and
non-commutative theories. A speculative discussion about higher-order terms in the
derivative expansion is also included.
1 Introduction
D-branes [1] play a central role in current research in string theory. Many aspects of D-brane
physics can be analyzed within the context of the eective eld theory living on the D-brane.
The action for this eld theory is well understood for a single D-brane and slowly varying
elds [2]. Some of the higher-order corrections in a derivative expansion are also known for a
brane propagating in a flat supergravity background [3, 4] and also for propagation in curved
backgrounds [5, 6]. In this paper we study some aspects of the derivative corrections to the
(abelian) eective action for a D-brane propagating in a flat background.
In the next section we dimensionally reduce the recently determined expression for the
four-derivative corrections to the parity-conserving Born-Infeld part of the D9-brane action,
obtaining corrections to the actions for the lower-dimensional Dp-branes. We show that the
part of these corrections involving only the transverse scalars can be written in terms of the
second fundamental form as required on general grounds. The resulting expression is shown
to agree with a previous result in the literature [6].
In section 3 the transformation properties of the derivative corrections to the D-brane
action under the Seiberg-Witten map [7] are studied. Earlier work on this topic can be found
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in [8, 9, 10, 11]. We begin by briefly discussing the zeroth-order terms in the derivative
expansion (including the fermions and the transverse scalars) and their invariance under the
Seiberg-Witten map. We then introduce some general terminology which will facilitate the
later analysis and discuss the properties of manifest invariants under the Seiberg-Witten
map. These results are then applied to the recently proposed expression [12] for the two-
derivative corrections involving all orders in F to the action for a D-brane in the bosonic
string theory. We conclude the section by showing that the subset of the four-derivative
corrections to the parity-conserving Born-Infeld part of the D9-brane eective action which
gives rise to the corrections discussed in section 2 upon dimensional reduction are invariant
under the Seiberg-Witten map, and briefly discuss how the rest of the terms might modify
this result. Recently, the Seiberg-Witten map has been constructed to all orders in the non-
commutativity parameter [13]. We will not make use of these results in this paper, although
we will comment briefly on them in later sections. Even more recently some aspects of the
transformation properties of the derivative corrections to the D9-brane action under the
Seiberg-Witten map have been studied [14]. There is some overlap with our work; however,
we work to all orders in the gauge eld strength but to rst order in the non-commutativity
parameter, whereas in [14] the results are obtained by working to all orders in the non-
commutativity parameter but order by order in the gauge eld. The two methods are thus
complementary, although for some applications the approach in [14] appears to be more
powerful.
Finally, section 4 contains a speculative discussion about derivative corrections beyond
the fourth order. In particular, we propose a formula connecting the derivative corrections
to the Wess-Zumino term to derivative corrections to the Born-Infeld part. A few tests of
this relation are successfully performed.
2 Dp-brane actions: non-geodesic embeddings
In [4] we calculated some corrections to the parity-violating Wess-Zumino term for the D9-
brane action. These corrections were dimensionally reduced leading to corrections for the
lower-dimensional Dp-branes, and it was shown that the part of the Dp-brane action involving
only the transverse scalars obtained that way correctly reproduces previously known results
in the literature [6]. In this section we will discuss the form of the four-derivative corrections
in lower dimensions obtained by dimensional reduction of the parity-conserving part. For
simplicity we will set the gauge eld in the lower dimension to zero, thus retaining only
the transverse scalars. On general grounds one expects that the resulting action should be
expressible in terms of the second fundamental form, and we will nd that this is indeed the
case.
We will label ten-dimensional indices by M;N; : : :, world-volume indices by ; ; : : :, and
indices for the transverse (normal) directions i; j; : : :. There is a general theory describing
the embedding of a Dp-brane into flat ten-dimensional space. The embedding is described
by the objects @Y
M , which span a local frame of the tangent bundle and the iM which play
a similar role for the normal bundle (see e.g. [6] for further details). World-volume indices
are raised and lowered with the induced metric g = MN@Y
N@Y
M . Transverse indices
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are raised and lowered with ij and ten-dimensional indices with MN . The fundamental
quantity describing the embedding is the second fundamental form, ΩM , dened as the




M − ΓT@Y M ; (2.1)
where ΓT

 is the connection constructed from the induced metric. It is straightforward to
show that ΩM = (
M





L . The projection of Ω
M
 onto the tangent bundle vanishes, so it is




 . The following
relation is also useful, iM
j
Nij = PMN . When comparing with the dimensional reduction
of the D9-brane action, we will use the static gauge in the lower dimension: Y  = x and
Y i = X i(x).
The parity-conserving part of the action for a D9-brane propagating in flat ten-dimensional
















where h =  + F , h
 is its inverse (hh = 

) and h is short-hand for det(h).
Furthermore,
S1212 := @1@2F12 + 2h
12@1F[1j1@2jF2]2 ; (2.3)
and S12 := h









[h − h]. We have written the above action in euclidian space; the transition to
lorentzian signature is straightforward.
Performing the dimensional reduction starting from the action (2.2) turns out to be rather
cumbersome, as the lower-dimensional result can not immediately be rewritten in terms of
Ωi . It turns out to be easier to rst rewrite the action in a more convenient form and then
reduce. When rewriting the action we ignore all terms which are proportional to the lowest
order equation of motion
0 = @(
p
hhA ) = −hS hS @F ; (2.4)
since such terms can be removed by eld redenitions. We also remove all terms which
vanish identically upon dimensional reduction when the gauge eld in the lower dimension








(I1 − 2I2 + I3 + 4I4)] ; (2.5)
2Our conventions are such that the (dimensionless) eld strength 2piα′F (which we will denote F ) is of
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S @1F11@2F22@3F33@4F44 : (2.6)













i~h ij − @X i~h@Xj
)
; (2.8)
where ~h = ( 1
1+F+@Xi@Xi
) . When F = 0, ~h
 reduces to the inverse of the induced
metric, g . Furthermore, it is important to note that (when F is zero) hij = P ij, where P ij
is the projection operator dened below (2.1). The dimensional reduction of I1 leads to
I1 ! −2hijg12g12g12 [@1@1@1Xi − (@1@1Xk@Xkg@@1Xi + () + ())]
[@2@2@2Xj − (@2@2Xk@Xkg@@2Xj + () + ())] (2.9)
which can be shown to be equal to −2DΩiDΩi (where DΩ is assumed to be projected
onto the normal bundle). Similarly, the other Ii’s reduce as follows
I2 ! 2ΩiΩiΩjΩj ;
I3 ! 2ΩiΩiΩjΩj ;
I4 ! ΩiΩiΩjΩj : (2.10)










(DΩ DΩ + 2Ω  Ω Ω  Ω
− 2Ω  Ω Ω  Ω − Ω  Ω Ω  Ω)
]
(2.11)
which is written solely in terms of the second fundamental form as expected.
We would like to compare this action to the corrections obtained in [6] (see also [15]). In













where, in a flat ten-dimensional background, we have the relations [6]












Plugging these results into (2.12) and dropping terms proportional to the lowest order equa-







(Ω  Ω Ω  Ω − Ω  Ω Ω  Ω)] ; (2.14)
which at rst sight diers from our result (2.11). However, it is possible to show that
(when the background ten-dimensional space is flat) the following relation holds (modulo
eld redenitions and total derivatives)3
DΩ DΩ = 2 Ω  Ω Ω  Ω + Ω  Ω Ω  Ω − 2 Ω  Ω Ω  Ω ; (2.15)
which is exactly what is needed for agreement between (2.11) and (2.14). We thus nd
agreement between our result and the result in [6]. The result in [6] was obtained by ex-
trapolation from four-string scattering amplitudes, and thus the extension to all orders may
not be unambiguous. In fact, it was recently noted [15] that the result in [6], at least at
rst sight, does have some ambiguities, but it was argued that such ambiguities should be
absent. Our result conrms that the result in [6] is correct to all orders. The agreement
between (2.11) and (2.14) is also indirect evidence for the correctness of the result (2.2).
3 Derivative corrections to the Born-Infeld action and
the Seiberg-Witten map
In this section we will discuss the transformation properties of the derivative corrections
to the D-brane action under the Seiberg-Witten (SW) map relating the ordinary and non-
commutative versions of the D-brane eective action.
As is well known, the SW map is such that the D-brane eective action is form invariant
after transforming the gauge eld, the metric and the string coupling constant in prescribed
ways, replacing ordinary products with -products and ordinary derivatives with covariant
derivatives. More precisely, the relations between the metrics and between the coupling
















3We would like to thank Angelos Fotopoulos for discussions which were helpful in establishing this relation.
4We have rescaled B by a factor of 2piα′; B in the following formul is really 2piα′B. A similar comment
holds for  and θ.
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The -product is dened in the usual way as
X(x)  Y (x) = ei0ηδ@1η@2δX(x1)Y (x2)jx1=x2=x = XY + i0@X@Y +O(02) ; (3.2)
and the covariant derivative is dened as DX = @X − i20 [A X − X  A]. There are
various dierent possible choices for  [7, 16]. Throughout this paper we will set  = 0 and
work to rst order in the non-commutativity parameter, , but to all orders in F . In the
recent work [14] the transformation properties of the derivative corrections to the D-brane
action in the superstring theory were discussed (both for the Born-Infeld and Wess-Zumino
parts of the action) using the all order result for the SW map [13], but working order by
order in F . In that work the choice  = −B was made. Our approach is complementary to
the one in [14].
3.1 The zeroth-order terms
Before proceeding to the derivative corrections, let us review the situation for the zeroth-
order terms in the derivative expansion.
The gauge field
As already mentioned the SW map transforms the lagrangean written in terms of the
non-commutative variables L(F^ ; G;GS; D; ) to the equivalent description in terms of the
commutative variables and the lagrangean L(F +B; g; gS; @; ). For simplicity we will expand
all quantities in B and work to rst order in B. As we will see later, from an algebraic point
of view this is essentially equivalent to working to rst order in . To rst order in B the




The metric and the string coupling constant are unchanged at this order. Neglecting all
derivatives acting on F implies that the -products can be replaced by ordinary products in
the action for the non-commutative theory. To the order we are working, the statement that
L(F^ ) and L(F +B) should be related by the SW map can be formulated as (modulo a total
derivative) L(F ) = 0, where  =  − B, with  is as in (3.3) and BF = B. The equality
of the non-commutative and ordinary actions can thus be formulated as an invariance of the
action for the non-commutative theory under . By a slight abuse of terminology, we will
refer to  =  − B as the SW map. In what follows, we will drop the hats from the non-
commutative variables. One can shown that invariance under the SW map of the lagrangean








 − F L = 0 : (3.4)










det(1 + F ). Thus, the SW map uniquely determines the Born-Infeld action as
the only invariant action (if one neglects higher-derivative terms)5.
The transverse scalars
So far we have only discussed the dependence of the lagrangean on the gauge eld. In
dimensions less than ten, the D-brane action also depends on the transverse scalars. We
denote the transverse scalars by X i, where i = p+1; : : : ; 9. It is easy to derive the SW
transformation X i  X i = −A@X i. The natural naive guess is that the lagrangean
is a function of6 F and @X
i@Xi: L = L(F; @X@X). Requiring this action to be invariant







 + F L − 2@X iF @Xi L
@X@X
: (3.5)
It is easy to see that the expected result det(g+F +@X@X)−
1
2 does not satisfy this relation.
The reason for the discrepancy is that on the non-commutative side there can be commutator
terms of the form i
20 [X
i; Xj] = B@X
i@X
j + O(B2), which lead to corrections to the
map  and hence to the above equation (3.5). To see which terms are required we recall that
in [17] the terms needed for consistency of the non-abelian D-brane action with T-duality






where the matrices D and Q are given in [17]. We will only need the leading terms
here: D = (g+F )− i20@X i[X i; Xj]@Xj+ : : : and detQ = 1+ : : :. Reinterpreting this
action as an action for the non-commutative U(1) theory (i.e. replacing matrix products with
-products and then taking the gauge group to be U(1)) shows that the extra contribution
coming from 
p
detD (more precisely from the part with the [X i; Xj] commutator) is
exactly what is needed to make the action invariant (to rst order in B). Turning things
around, one could have used the requirement of invariance under the SW map together
with the known form of the action in the commutative limit to learn about \commutator"
corrections in the non-commutative U(1) theory. These can be unambiguously lifted to
corrections in the non-commutative U(N) theory if one assumes that the action only contains
an overall trace (as is expected) and can then be translated into corrections in the non-abelian
U(N) theory by taking the commutative limit.
The fermions
One may also study how the introduction of fermions aects the discussion. The fermions
transform as Ψ  Ψ = −A@Ψ under the SW map. The form of this transformation
is xed by the fact that the fermions in the U(1) commutative theory are invariant under
gauge transformations. Let us assume that the action contains the usual kinetic term (for
5Throughout this paper we will work in euclidian space. In the lorentzian case, the time direction should
be treated more carefully.
6We have rescaled the X i’s to make ∂X dimensionless.
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 ΨγDΨ ; (3.7)
and choosing a = 1
4
, b = 1 implies that its variation cancels the variation of L(0) (modulo
F 3 terms), however, it also gives an additional term: BF
 Ψγ@Ψ, which seemingly can
not be removed. The resolution of this puzzle can again be traced to a \non-abelian"
eect. Recall that γ is the pull-back to the world volume of ΓM , the ten-dimensional
gamma matrix, i.e. γ = @YMΓ
M . Now in the ordinary action we use the static gauge so
@Y
M = M (we ignore the transverse scalars if present). In the non-commutative action
we should replace the derivative appearing in the pull-back by the covariant derivative, D.
This requirement was rst obtained in the context of the non-abelian D-brane action in [18].
With this modication we nd that γ transforms as γ ! −BFγ, which gives rise to
precisely the missing term required for invariance.
More generally, one can assume a lagrangean of the form M(F ) Ψγ@Ψ. Requiring










 = 0 ; (3.8)
which is solved by (assuming that M /  + : : : for small F ): M / pdet hhS .




a suitable rescaling of the Ψ’s, we nd that the above terms arise form the expansion of√
det(h + Ψγ(@)Ψ) to second order in Ψ. We would like to compare this expression
to the two-fermion part of the full (gauge-xed) D-brane action [19]. In this action, the
argument of the determinant is h + Ψγ(@)Ψ) + B + Ψγ[@]Ψ. It thus appears that it
is the combination B + Ψγ[@]Ψ which should be identied with the B appearing in the
SW map. One may also investigate invariance of the full gauge-xed -symmetric action
(which includes higher powers of the fermions), but we will not do so here. Note that the
SW map does not mix terms with dierent numbers of fermions. To relate dierent orders
in the expansion in powers of the fermions one needs to use another approach, such as for
instance the one described in [20].
3.2 Derivative corrections: general framework
For the discussion of the derivative corrections it is convenient to introduce some further
terminology (related discussions can be found in [9, 11]; in particular, some of the results
below were also obtained in [9]).
We will call an expression T1;:::;k a covariant tensor under the SW map (or simply a
tensor when no confusion is likely to arise) if it transforms as:
T1:::;2 ! F1BT2;:::;n +   + FnBT1:::n−1 + AB@T1;:::;n : (3.9)
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Similarly, a contravariant tensor under the SW map is a quantity which transforms as
T 1:::n ! −B1FT 2;:::;n −    − BnFT 1:::n−1 + AB@T 1;:::;n : (3.10)
Tensors with mixed index structure are dened in the usual way. It follows from a short
calculation that any expression of the form 1
gs
p
hS, where S is a scalar (i.e. formed out of
fully contracted tensors of the above form) is invariant under the SW map to rst order.
Moreover, the scalar S is invariant under the above transformations without the AB
@
part. An example of a covariant tensor is DF ; note that F itself is not a tensor, nor
is DDF . An example of a contravariant tensor is h

S . Indices can thus be raised using
hS (and lowered with its inverse, which is also a tensor since 

 is) without violating the
tensor property, although we will not use this convention; all occurences of hS are written
explicitly. On the other hand hA does not satisfy (3.9) and hence is not a tensor. It does
however have a simple transformation rule
hA = B
 − BFhA − BFhA + AB@hA : (3.11)
We will also need the transformation of DDF :
DDF = B
[@@(FF) + @(F@F)− F@@F ] + AB@@@F : (3.12)
Comparing the above formul to the related ones appearing in [9] (where the restriction to
rst order in B was not used), we see that after replacing B by − they become equal; thus,
from an algebraic point of view restricting to small B is actually not a limitation. Using the
above results one can show that although DDF is not a tensor, the following expression
is:
DDF −DFhADF −DFhADF −DFhADF : (3.13)
This suggests the following denition of a covariant derivative acting on a covariant tensor
DT1;:::;k = DT1;:::;k −DF1hA T;:::;k −    −DFkhA T1;:::;k : (3.14)
It is straightforward to check that this expression indeed transforms as a covariant tensor.
Similarly, acting on a contravariant tensor
DT 1;:::;k = DT 1;:::;k + h1A DFT ;:::;k +   + hkA DFT 1;:::;k ; (3.15)
one obtains a mixed tensor. Notice that with this denition DhS = 0. Computing the
commutator of two D’s one nds (to zeroth order in the non-commutativity parameter)
[D;D]V = −[@FhS @FhγS − ($)]Vγ + @FhγA DγV : (3.16)
By comparing this expression to the usual result [D;D]V = −RγVγ + T γDγV, one





S − ($) ; T γ = −hγA @F : (3.17)
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There is an apparent contradiction since the torsion is not a tensor under the SW map; this
is an artefact of taking the commutative limit. Retaining the D’s one gets an additional term
on the right-hand side of the dening relation (3.16): [D; D]V = − i20 [F; V]. This term
compensates the unwanted part of the transformation of T γDγV.
We will end this section with a few remarks. Above we used the \canonical" SW map.
In general, eld redenitions will change the SW map. It is easy to see that a tensor will
generically not remain a tensor after a eld redenition. The ambiguity of the SW map and
the relation to eld redenitions was rst pointed out in [21] (see also [10]). The possibility
of derivative corrections to the SW map will be discussed later on.
3.3 Bosonic-string D-branes: two derivative corrections
Before discussing the D-branes in the superstring theory we will briefly discuss the case
of the two-derivative corrections to the action for a D-brane in the bosonic string theory.
The two-derivative corrections involving four powers of the gauge eld strength, F , were
calculated several years ago [3]. More, recently, an extension of this result to all orders in F
was proposed using the partition function approach with a proper treatment of the tachyon
[12, 22]. We will now rederive the result in [12] via a dierent more heuristic route. Up to
eld redenitions the fourth-order expression for the two-derivative corrections is given by










F  ; J2 = F
F
@F@




With the assumption that the all-order result for the two-derivative corrections should be
expressible in terms of h and @kF ’s only, a basis of all possible two-derivative terms (modulo




























S @F@F : (3.20)











S @@F ; (3.21)
can be related to the above basis elements via the identities (total derivatives as well as













S @F) = X6 − 2X2 −X3 + 2X4 −X5 : (3.22)
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The most general action consistent with the requirement that it reduces to (3.18) when








[4X4 + γX3 − 2(3−γ)X2]
)
; (3.23)
where γ is undetermined by our approach. To determine γ one would need to use another
approach, such as the -function method [23]. The above result agrees with the more careful
derivation given in [12].
Before proceeding to discuss the transformation properties of the above action under the
SW map, let us discuss the dimensional reduction of the above action. Using the methods
of section 2 and retaining only the transverse scalars in the lower dimension we nd
X2 ! −g@X ig@Xj@@Xj@@Xi ;
X3 ! 2hijgg@@Xi@@Xj = 2Ω  Ω ;
X4 ! 0 : (3.24)
We see that X3, but not X2, can be written in terms of the second fundamental form, Ω
i
 .
This seems to suggest that X2 should not appear in the action, which would imply γ = 3.
Furthermore, the numerical coecient in front of the Ω2 term then agrees with the recent
result [24]. We would also like to point out that only for γ = 3 is it possible to write the











We now turn to the transformation properties of the above action under the SW map.
From the general discussion about invariants presented earlier it is easy to see that there
is only one two-derivative invariant that can be constructed, namely X3. Thus, the action
(3.23) appears not to be invariant under the SW map. This was rst observed in [8] for
the fourth-order terms. A resolution was later proposed [10] which resolved the problem by
modifying the SW map at order 0. We will now check if a similar procedure also works to








hS @F@F : (3.25)





S [F; F] to the lagrangean of











]) + : : :, one nds that the coecient
of the F 3 term agrees with the known result [25] for the non-abelian action (after taking into
account dierences in conventions). Thus, the rst term in (3.25) can be understood, but
what about the second term? In order for a term of the form
p
hhA V to be removable by
a modication of the SW map for the gauge eld, A it is necessary that @[V] = 0. The
second term in (3.25) corresponds to V = B
hS @F@F, which does not satisfy the
requirement @[V] = 0 and thus can not be removed by modifying the SW map. We note
that the leading order term V = B
@F@F does, however, satisfy the requirement
@[V] = 0 and can thus be removed; this is the modication discussed in [10]. We conclude
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that if the action (3.23) is the correct extension to all orders in F then it appears not to be
invariant under the SW map, even if one allows for modications of the form discussed in
[10]. A possible resolution might be that the tachyon should have a non-trivial F -dependent
transformation under the SW map.
3.4 Superstring D-branes: four-derivative corrections
We will now discuss the four-derivative corrections [4] to the parity-conserving part of the
D9-brane action in type II superstring theory (cf. (2.2)). However, before turning to the
four-derivative corrections, let us discuss the two-derivative corrections. It is known that the
two-derivative corrections to the action for the commutative theory vanish. In the action
for the non-commutative theory there might be additional commutator terms of the form
K(F )[F ; F]. The O(B) part of such a commutator term could be canceled (assuming
K(F ) is a tensor) by the term 20hA K
(F )DFDF, but since such a term
survives in the commutative limit it has to be absent. Thus one can argue that the absense
of the two-derivative corrections in the commutative action implies the absense of \one-
commutator" corrections in the non-commutative action. We have not really proven this
statement here, since one would also need to show that the there are no commutator terms
which transform into terms which are either total derivatives or can be removed by eld
redenitions.
Let us now turn to the four-derivative corrections to the D9-brane action (2.2). By
inspection it is easy to see that the action is not related in any simple way to tensors under
the SW map, cf. the discussion earlier in this paper. It turns out to be very involved to rewrite
the action in terms of invariants by using integrations by parts etc. We will therefore only
discuss a subset of the corrections here, namely the terms which vanish upon dimensional
reduction when setting the gauge eld in the lower dimension to zero. These terms were
identied in section 2, where the action was also written in a form convenient for performing
the dimensional reduction (2.5), (2.6). It turns out that this way of writing the corrections
is also the most convenient form to use when discussing the invariance under the SW map.
























































S D1F11D2F22D3F33D4F44 : (3.27)
We conclude that all the Ii’s are built out of tensors and thus the action (3.26) is manifesly
invariant. To complete the proof of the invariance of the four-derivative corrections (2.2)
under the SW map, one has to show that the remaining terms can also be written in terms
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of invariants or that their variation can be canceled by adding commutator terms to the
action or that they can be removed by eld redenitions. We hope to return to this question
elsewhere.
We will end this section with a discussion of the various Riemann tensors and covariant
derivatives that have appeared in this paper. Firstly, we have the Riemann tensor (3.17) as-
sociated with the covariant derivative (3.14), (3.15) and the SW map (3.9), (3.10). Secondly,
we have the Riemann tensors (2.13) associated with the embedding of a lower-dimensional
D-brane into ten-dimensional space. The tensors and invariants of these two classes appear
to be related. For instance, the invariants under the SW map (cf. (3.27)) descend into in-
variants (cf. (2.9), (2.10) ) expressed in terms of the second fundamental form. Notice also
the similarlty between the two Riemann tensors (2.13) and (3.17).
Yet another Riemann tensor also appeared above, namely the one (2.3) in terms of which
the derivative corrections (2.2) are expressed. This Riemann tensor is constructed from the
non-symmetric metric h and has an associated covariant derivative, D, dened as (note
the placement of the indices on Γ):
DT1;:::;k = @T1;:::;k − Γ1T;:::;k − : : :− ΓkT1;:::; ; (3.28)
with Γ = h
@F. Computing the commutator of two covariant derivatives we get
[D; D ] = −SV + T DV, with S = hS , where S is as in (2.3), and
the torsion T  is given by T

 = h
@F . Let us try to relate these results to the
covariant derivative and Riemann tensor associated with the SW map. The connection
associated to the covariant derivative appearing in (3.9) is Γ = h

A @F. This expression
involves hA rather than h
 , but since hS @F is a tensor we may always add such a
term to the connection, which gives Γ = h
@F. Comparing this connection to the
one associated with S we see that the two connections have the same symmetric part
Γ(), but the antisymmetric parts (and the hence the torsions) are opposite in sign. The
associated Riemann tensors are rather dierent since one has a @2F part (2.3), whereas
the other does not (adding the above tensor to the connection does not change this aspect
of (3.17)). The interplay and relations between the dierent Riemann tensors might merit
further investigation.
Let us also remark that the results obtained in the recent work [14], where the choice
 = −B was used, indicate that with this choice the natural framework in which to address
the invariance of the derivative corrections is the one in which the corrections are written
in terms of S. The fact that for our choice of  ( = 0) another connection was more
natural suggests that there might be some relation between the choice of connection and the
choice of .
4 Speculations on higher-order corrections
In this paper we have concentrated on four-derivative corrections. An interesting question is
to what extent it is possible to obtain information about the corrections at higher orders in
the derivative expansion. Explicit calculations become very involved, and are not a practical
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option (at least for the Born-Infeld part; the calculations for the Wess-Zumino term are
somewhat simpler and certain higher order corrections were determined in [4]). One possible
approach would be to use the SW map and the methods discussed in section 3 to try to
constrain the corrections. Unfortunately the number of possible invariants grows very quickly
with the number of derivatives, and there is no simple method to x the undetermined
coecients (see, however, [14] for a more promising approach). Because of these diculties





















where we have used the denition (S12)12 := h
1S212 and tr denotes the ordinary
trace over the  indices. We note that the right-hand side of the above relation is precisely
equal to the expression for the four-derivative corrections in eq. (2.2). The left-hand side of
the above relation (4.1) is reminiscent of the expression for the derivative corrections to the













1 ^ dx2 . Notice that we have raised one index using h1 compared to
the denition used in [4] (this change allows us to use an ordinary trace (denoted by tr)
instead of the construction used there). The rst term in the sum in the exponent in (4.2),
(2)
2
tr(0S)2, becomes equal to the exponent in the expression on the left hand side of the




a natural extension of this rule to all terms in (4.2) giving rise to the conjectured derivative












If this prescription would continue to hold beyondO(02), one could use it to obtain derivative
corrections to the Born-Infeld action from the corrections to the Wess-Zumino term (above
we have only given the prescription for the known derivative corrections to the Wess-Zumino
term). This would be a powerful tool, since the corrections to the Wess-Zumino term are
easier to calculate. In the rest of this section we will investigate whether such a relation
could be true.
First of all, the prescription as we have stated it (4.3) is not precise. For instance, one has
to decide how to order the 
F
’s vs. the S’s when expanding the exponential. Another issue
is that the expansion of the exponential terminates for the Wess-Zumino term since forms of
degree higher than ten vanish identically, whereas, at least at rst sight, this is not the case
14
for the expression arising after using the above replacement rule. Setting these ambiguities
aside for the moment, is there any way one can hope to test the proposed relation? As
pointed out above it is in general very involved to calculate derivative corrections directly.
Fortunately there is, however, at least one class of corrections that are within reach, namely
the corrections which involve only powers of terms of the form hA @1   @kF for the Born-
Infeld term and wedge products of two-forms of the form @1   @kF in the Wess-Zumino
term.
At this point we need to recall some terminology and formul from [4]. We will be brief;
the interested reader may refer to [4] and references therein for further details. The boundary
state for a D9-brane in the presence of a general gauge eld is [26]
jB(F (X))i = e− i2piα0
∫
d[@σXµAµ(X)− 12ΨµΨνFµν(X)]jBi: (4.4)
One can write this expression more compactly, by packaging X and Ψ into the supereld





ddDµAµ()jBi. It is known [26] that the parity-conserving contribution to the eec-
tive action is proportional to (in the absence of a B-eld) SBI = h0jB(F (X))iNS, and that
the parity-violating part of the eective action which couples linearly to the background RR
form elds is obtained by calculating the overlap between the state jCi representing these
elds and the boundary state (see e.g. [27]), i.e. SWZ = hCjB(F (X)iR.
To study derivative corrections to the eective action one Taylor expands A() around






~1    ~n@1   @nA(’0) (4.5)











D ~ ~ ~1    ~k@1   @kF(x)
−
∫










~X1    ~Xk@1   @kF(x) (4.6)
where we have used that in the NS sector ’0 = x
 whereas in the R sector ’0 = x
 +  0
(thus, in the NS sector the second term in (4.6) is absent).
After this brief digression we now return to the discussion of the restricted class of
derivative corrections described above. Let us start by calculating the relevant corrections




expansion (4.6). This leads to the following contribution to the WZ term







~Xρ1  ~Xρk@ρ1 @ρkFµν jB(F )iR : (4.7)
Next we evaluate the zero-mode part using the result (here j0i denotes the vacuum state
which is annihilated by all the annihilation oscillators)
hCj( 0 0N)kjB(F )iR ! C ^ h0j(−2i0N)kjB(F )iR ; (4.8)
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to obtain







~Xρ1  ~Xρk@ρ1 @ρkF jB(F )iR : (4.9)
To proceed further one needs to calculate the various correlations functions of the form
h0j ~XKjB(F )iR which appear when expanding the exponential. These correlation functions
can be expressed in terms of sums as in [4], however, it appears to be very dicult to
calculate all contributions to (4.9) that way. We will circumvent this problem by applying the
prescription directly to the expression (4.9). This means that one needs to check separately
that the renormalization works in the same way for the two expressions.
By applying the above suggested rule to convert the expression (4.9) into conjectured








Xρ1 Xρk@ρ1 @ρkFµν δδFνµ jB(F )iR
p
h : (4.10)















Xρ1 XρkhµνA @ρ1 @ρkFµν jB(F )iR
p
h + terms with other structures : (4.11)
This conjectured expression should be compared to the one obtained by direct calculation.
To determine the relevant corrections to the Born-Infeld part we need to consider the expres-
sion h0je− i2piα0
∫
ddDµAµ()jB(F )iNS with the exponent expanded as in (4.6). We are only
interested in the terms which have one internal contraction between D and a . For such
terms we nd




1   k + k[D1G112 ]2!12   k@1   @kF =
1
2
(i0)(k + 2)hA 
1   k@1   @kF ; (4.12)













Xρ1 XρkhµνA @ρ1 @ρkFµν jB(F )iNS ; (4.13)
which is almost the same as (4.11), except that this expression does not have a factor ofp
h and involves the NS sector whereas (4.11) involves the R sector. However, since neither
expression involves any explict fermions, the only dierence will be in the overall h0jB(F )i
factor. Using, h0jB(F )iR = Tp, whereas h0jB(F )iNS = −Tp
p
h, we nd agreement. One
can argue that a renormalization of F : F ! F + F gives rise to the same change in the
Wess-Zumino and Born-Infeld terms. For instance, the leading term arises from eF = FeF




h in the Born-Infeld term; these
two changes are connected via the prescription.
We have thus shown that the prescription (4.3) makes sense for an innite class of terms.
A few comments are in order. For consistency one has to formally extend the sum arising
from the Wess-Zumino term to run over all values. For the terms we considered it was
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obvious how to do this; for more general corrections this might be ambgious. Furthermore,
when expanding the exponential in (4.3) all 
F
’s were brought to the right. Within the
calculational scheme we have used the prescription appears to be natural. If another scheme
is used to calculate derivative corrections integrations by parts might be needed to make the
prescription work.
Is it possible to gather further evidence in favor of (4.3)? There is another class of
corrections which are also amenable to analysis, namely terms which are built out of scalars
involving four derivatives each. Writing the part of jB(F (X))i keeping only terms with at
most two derivatives in (4.6) schematically as exp[@F + @2F ]jB(F )i we nd the following
4k-derivative corrections to the Born-Infeld term keeping only the relevant contractions (we
use a very schematic notation; the details are not important):
1
2k!
h0j(@2F )2kjB(F )i ! (2k−1)!!
2k!





where hi is short hand for h0j  jBiNS and the terms inside square brackets are assumed to
have all indices contracted. Similarly, one nds
1
k!2k!



















(@F )4]ki. From these results it follows that





k, where L4 is equal to
the four-derivative part of the action (2.2). Let us now turn to the Wess-Zumino term. It
is clear that only the (2) term contributes since all the other terms involve contractions
between more than two @nF ’s (this is also necessarily true for all the corrections that we
have not determined as one can convince oneself by using the results in [4]). Applying the
prescription we get −Tp 1k!( (2)2 02tr(S)2)k( F )2k
p
h = −Tp 1k!(L4)k
p
h+ other terms. Here we
have used the fact that there is only one way in which the 
F
’s can act to give terms of the
required form. We thus nd agreement also for this class of terms.
Above we have gathered some evidence for the correctness of the prescription (4.3). There
are of course other corrections to the Wess-Zumino term, which will modify or invalidate this
prescription. For instance, there are also six-derivative four-form corrections to the Wess-
Zumino term (the two-form six-derivative corrections can be removed by eld redenitions).
Also, there might be additional corrections arising from the expansion of the form elds C
as C(X) = C(x) +X@C(x) + : : :. Roughly speaking, it might be that all these additional
contributions involve covariant derivatives of S and there might be a sense in which they
can be neglected. A very non-trivial check of the \all order in S" proposal (4.3) would be
to check that it is invariant under the SW map. Unfortunately, the method used in this
paper makes this rather involved since several integrations by parts are needed to make the
invariance manifest. The approach pursued in [14] looks more promising, but there is of
course no guarantee that the restriction to only the corrections (4.2) leads to corrections to
the Born-Infeld action that are invariant by themselves. Finally, as an example we will write























A rst check of these terms would be to check that they vanish in the Seiberg-Witten limit
used in [14], as this is required for consistency with the approach used there.
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